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Abstract

A thermodynamic formalism is developed for incorporating the effects of charge regulation on the ion-exchange adsorption of proteins
under mass-overloaded conditions as described by the steric mass-action (SMA) isotherm. To accomplish this, the pH titration behavior of a
protein and the associated adsorption equilibrium of the various charged forms of a protein are incorporated into a model which also accounts
for the steric hindrance of salt counterions caused by protein adsorption. For the case where the protein is dilute, the new model reduces to
the protein adsorption model described recently by the authors which accounts for charge regulation. Similarly, the new model reduces to
the steric mass-action isotherm developed by Brooks and Cramer which applies to mass-overloaded conditions for the case where charge
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egulation is ignored so that the protein has a fixed charge. Calculations using the new model were found to agree with experimen
he adsorption of bovine serum albumin (BSA) on an anion-exchange column packing when using reasonable physical propertie
odel was also used to develop an improved theoretical criterion for determining the conditions required for an adsorbed species
protein in displacement chromatography when the pH is near the protein pI.
2005 Elsevier B.V. All rights reserved.
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. Introduction

Most models for protein ion-exchange adsorption de-
cribed previously in the literature assume that the adsorbed
rotein exists in a single charge state during the entire ad-
orption process[1–7]. However, it is well known that when
polyelectrolyte approaches a charged surface, the net charge
n the polyelectrolyte is influenced by the electrostatic field
roduced by the surface[8–12]. An early attempt to account

or this phenomenon, often termed “charge regulation,” was
ade by Sluyterman and Elgersma[13] who envisioned the
dsorbed phase as being uniform in composition so that the
acroscopic laws of thermodynamics could be used to de-

cribe the effect of the different hydrogen ion concentra-
ions in the fluid and adsorbed phases on the protein charge
tate. More recently, Ståhlberg and J̈onsson[14] developed
colloidal model for charge regulation of a dilute protein
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based on a microscopic description in which the adso
phase is represented as an electric double layer, an
Poisson–Boltzmann equation used to account for the
trostatic effect produced by the adsorbent on the charge
of the protein. However, in addition to being restricted
dilute proteins, both of these models contain other app
mations that limit their use in practice. For example, altho
the model of St̊ahlberg and J̈onsson is a very important a
vance in the modeling of charge regulation, its accura
limited when the fluid-phase pH is near the protein pI, which
is often the case of most interest when considering ch
regulation.

Recently, Shen and Frey[15] extended the approach
Sluyterman and Elgersma[13] in order to develop a multip
charge state (MCS) model that is an improved theoretica
scription of the ion-exchange adsorption of a dilute pro
which accounts for charge regulation. Shen and Frey
demonstrated that by accounting for charge regulation
net protein charge in the fluid phase used in their mod
significantly closer to the actual protein charge in the fl
021-9673/$ – see front matter © 2005 Elsevier B.V. All rights reserved.
oi:10.1016/j.chroma.2005.02.086
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phase, as compared to the characteristic binding charge in
the traditional stoichiometric displacement model[1]. In the
present study, the approach of Shen and Frey is extended
to the case of mass overloading where steric hindrance of
salt counterions is caused by protein adsorption. The result-
ing model can therefore be considered not only an extension
of the MCS model to the case of protein mass overload-
ing, but also an extension of the steric mass-action (SMA)
adsorption isotherm to the case where protein charge reg-
ulation is accounted for. Although other extensions of the
SMA adsorption isotherm exist, such as the extension to
the case of thermodynamically nonideal mixtures by Raje
and Pinto[7,16], and the extension to the case of variable
pH by Bosma and Wesselingh[17,18], none of these pre-
vious extensions incorporate the effects of protein charge
regulation.

The concept of SMA equilibrium for ion-exchange ad-
sorption, in which it is recognized that only a fraction of
the functional groups on the adsorbent surface underneath
an adsorbed protein interact directly with the protein, was
first described by Velayudhan[19], formerly at Oregon State
University and currently at Bristol-Myers Squibb, whose doc-
toral thesis mentor was Csaba Horváth. Steven Cramer, who
is currently at Rensselaer Polytechnic Institute and whose
doctoral thesis mentor was also Csaba Horváth, subsequently
translated the concept of SMA equilibrium into precise math-
e
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Fig. 1. Illustration of a protein having four negatively charged groups which
interact with four positively charged groups on the column packing. The
chloride counterion forms undissociated ion pairs with the sites underneath
the protein in the gray area, while the chloride ion is an exchangeable coun-
terion outside the gray area. The total number of functional groups on the
column packing within the gray area is the steric factorσ.

hydrogen ion titration behavior of the protein in those two
phases.

As shown inFig. 1, the total number of adsorption sites
underneath a protein adsorbed onto a charged surface is
larger than the number of adsorption sites that interact di-
rectly with the protein, in which case a significant number
of salt counterions are sterically hindered from participating
in ion-exchange equilibrium. Steric effects of this type are
particularly important to account for under mass-overloaded
conditions since the saturation adsorption capacity of an ad-
sorbent is determined by the area occupied by the protein on
the surface, as reflected by the total number of adsorption
sites underneath the protein.

Since the steric effect illustrated inFig. 1is a consequence
of the colloidal nature of the adsorption process, it cannot
be accounted for by a description of adsorption equilibrium
based solely on equating the chemical potentials of particu-
lar species in three-dimensional fluid and adsorbed phases
unless extra-thermodynamic relations are employed. Such
an approach is commonly used, among other applications,
in so-called “chemical” thermodynamic theories for predict-
ing activity coefficients where intermolecular interactions are
represented by chemical reactions that form new species[25].
In order to ensure that the new adsorption equilibrium model
developed here reduces asymptotically to the traditional SMA
isotherm when the adsorbed protein has a fixed charge, the
m tion
u s
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s and
t ly as
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p as a
u ins,
h ional
g oks
matical terms in collaboration with several co-workers[6].
xtensions of the SMA formalism, particularly extensi

elevant to the implementation of displacement chroma
aphy as discussed in this study, are therefore appro
opics for recognizing not only the seminal contribution
saba Horv́ath in the field of chromatography, but also
entorship of leading industrial and academic scientis

his field.

. Theory

.1. General considerations

In this study, the adsorbed phase is assumed to be un
n composition so that standard thermodynamic relation
cribing phase equilibrium between two bulk phases ca
pplied[20–24]. In addition, the ionogenic functional grou
n the protein are assumed to ionize according to acid–
quilibrium constants that remain fixed and independe

he protein charge. The charge state of the protein in the
hase is therefore assumed to be determined by the loc

n that phase, and the change in protein charge caused
orption is assumed to be determined by the tendency
ore highly charged forms of the protein to interact elec

tatically with the adsorbent to a greater degree than l
harged forms of the protein. Equivalently, the change in
ein charge caused by adsorption can be envisioned as r
ng from the difference in the hydrogen ion concentrat
n the fluid and adsorbed phases, and from the correspo
-

-

odel will employ the same extra-thermodynamic rela
sed by Brooks and Cramer[6] to develop that isotherm. A
hown below, this extra-thermodynamic relation corresp
o the assumption that, with regard to their role in protein
orption equilibrium, sterically hindered adsorption sites
heir associated counterions function thermodynamical
f the adsorption site and counterion form undissociated
airs, in which case the adsorbed phase is envisioned
niform mixture of these ion pairs, salt counterions, prote
ydrogen and hydroxide ions, and the adsorbent funct
roups. Furthermore, it was effectively assumed by Bro



94 H. Shen, D.D. Frey / J. Chromatogr. A 1079 (2005) 92–104

and Cramer that adsorbed proteins are sufficiently mobile dif-
fusionally so that the activity of the exchangeable counterions
is proportional to the number of these ions per unit volume
of the entire adsorbed phase, including the volume occupied
by the sterically hindered sites. Although these particular as-
sumptions could be questioned on the basis of whether they
properly reflect the true colloidal nature of the adsorption
process, the use of these assumptions does yield a thermody-
namically consistent adsorption model which asymptotically
approaches the traditional SMA isotherm in the limit where
the protein has a fixed charge, which is sufficient justification
for employing these assumptions in the present case.

Although the study of Shen and Frey[15] addressed the
case of charge regulation for a dilute protein, the key rela-
tion in their model between the protein equilibrium distri-
bution coefficient and the Donnan potential applies whether
or not the protein is dilute provided that the only interac-
tion between adsorbed proteins is the steric interaction which
prevents proteins of finite size from physically overlapping.
Consequently, as demonstrated below, the relations account-
ing for charge regulation developed by Shen and Frey can be
extended in a straightforward way to the case of mass over-
loading by accounting for the effects of steric hindrance of
salt counterions on the Donnan potential using the assump-
tions just described. In this way, a result can be developed
that approaches asymptotically the model of Shen and Frey
i ned
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tion is also equivalent to the relation used in the MCS model
of Shen and Frey[15] to represent adsorption equilibrium, ex-
cept that in this previous model it was assumed that the protein
is dilute so thatqCl−,a = qCl− , and equilibrium was written
in terms of the ratio of the hydrogen ion concentrations in
the fluid and adsorbed phases, instead of the ratio of coun-
terion concentrations. Note that equilibrium concentrations
were denoted with the superscript * in the previous work just
mentioned, while in the present study this subscript has been
deleted from the equilibrium concentrations. The parameter
Keq,Pused in Eq.(1)is the ion-exchange equilibrium constant,
which is equivalent to the quantityKP,ads/(Km

Cl−,ads
) used by

Shen and Frey, whereKCl−,adsis the adsorption equilibrium
constant for HCl (see Eq.(10)) andKP,adsis the same quan-
tity for the protein. Furthermore, if thermodynamic ideality
is assumed for the H+ and Cl− ions, thenKCl−,ads= 1, and
Keq,Pin Eq. (1) is numerically equal toKP,adsas used in the
MCS model of Shen and Frey.

As shown inFig. 1, when a protein adsorbs onto a charged
surface, a certain number of adsorption sites are sterically hin-
dered from participating in ion-exchange equilibrium by the
presence of the protein. It is assumed here, as in the origi-
nal SMA isotherm model of Brooks and Cramer, that these
blocked sites behave with regard to their effect on protein
adsorption as undissociated ion pairs so that, although they
o es not
c ase.
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n the limit of low protein concentrations and, as mentio
bove, which also approaches asymptotically the SMA m

n the limit where charge regulation is negligible. Since th
s considerable experimental evidence that the two mo
ust mentioned describe protein adsorption behavior a
ately in their applicable regimes[6,15], it is likely that the
ew adsorption model developed in this study will be a

ul description of protein adsorption behavior which is m
eneral than previous such descriptions in the literature

.2. Adsorption of a single protein having a single
harged state of−m

Consider first the simple case addressed originall
rooks and Cramer[6] where a protein having a fixed cha
f −m, wherem is a positive number, adsorbs onto an an
xchange column packing, and where the adsorbed ph
ssumed to be uniform in composition. Assuming also

llustrative purposes the case where the chloride ion is
ounterion, adsorption equilibrium can be expressed u
he following relation[6]:

P−m = Keq,PCP−m

(
qCl−,a

CCl−

)m

(1)

hereqP−m is the equilibrium amount of protein per u
olume of the adsorbed phase andqCl−,a is the equilibrium
mount of exchangeable counterion per unit volume of th
orbed phase. Eq.(1) is the starting point used by Brooks a
ramer to develop the traditional SMA isotherm. This eq
ccupy space in the adsorbed phase, their presence do
ontribute to the activity of the counterions in that ph
he concentration of counterions available for participa

n ion-exchange equilibrium, denoted asqCl−,a in Eq. (1), is
onsequently given by

Cl−,a = qCl− − (σ − m)qP−m (2)

hereqCl− is the total counterion concentration in the
orbed phase, andσ is the total number of sites underne
he protein.

If the concentrations of H+ and OH− ions in the adsorbe
hase are assumed to be small, and if the effect of c
ptake is ignored as described previously[15], then the elec

roneutrality condition in the adsorbed phase can be expr
s:

R+ = qCl− + mqP−m (3)

here qR+ is the concentration of ion-exchange fu
ional groups in the charged form. If furthermore an ef
ive dimensionless Donnan potential,φ′, is defined to b
n(qCl−,a/CCl− ), and if KCl−,ads= 1, then Eqs.(2) and (3)
an be combined to yield

′ = ln

(
qR+ − qP−mσ

CCl−

)
(4)

ote thatφ′ represents the electrical potential energy dif
nce between the fluid and adsorbed phases corrected
teric effect. It therefore differs from the actual effective
ensionless Donnan potential given by ln(qCl−/CCl− ) or, as

n the MCS model of Shen and Frey[15], by ln(CH+/qH+ ),
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depending on whether Cl− or H+ is selected as the so-called
potential determining ion[21,24]. Combining Eqs.(1)–(3)
yields

CP−m = qP−m

Keq,P

(
CCl−

qR+ − σqP−m

)m

(5)

which is equivalent to the SMA isotherm developed by
Brooks and Cramer[6] except for the different definition
for the steric factor, i.e.,σ =σBC +m, whereσBC denotes the
steric factor used by Brooks and Cramer.

2.3. Effective dimensionless Donnan potential for the
case of a single adsorbed protein having the three charge
states−m, 0, and m

As discussed above, the relation between the protein ad-
sorption distribution coefficient and the Donnan potential de-
veloped by Shen and Frey[15] which accounts for charge
regulation can be incorporated into the SMA isotherm model
provided that the Donnan potential used accounts for steric
effects by being consistent with the extra-thermodynamic as-
sumption used by Brooks and Cramer[6]. For this purpose,
as discussed by Shen and Frey, it is convenient to approxi-
mate acid–base equilibrium for a protein having a total ofn
charged states that are equally distributed around the state of
z t exis
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adsorption equilibrium constants for all the charged forms
are equal[15].

The model just described can be extended in a number
of ways that in certain cases may increase its usefulness for
describing protein adsorption. For example, the charge distri-
bution can be centered around a non-zero charge state, more
than three charge states can be accounted for, and the ad-
sorption equilibrium constants can differ among the various
charge states. This last extension accounts for a change in
the isoelectric point caused by adsorption, which has been
reported in some cases for the ion-exchange adsorption of
amino acids[26]. Although these various extensions may be
useful under some conditions, it is shown in Section3.3that
the simplest version of the model not including these exten-
sions is able to fit experimental data for protein adsorption
with reasonable accuracy.

Assuming again for illustrative purposes the case of an
anion-exchange adsorbent, and assuming also that them
counterions associated with the positively charged form of the
protein do not participate in ion-exchange equilibrium with
other proteins, then the concentration of adsorbed counteri-
ons available for participation in ion-exchange equilibrium
can be expressed as

qCl−,a = qCl− − (σ − m)qP−m − σqP0 − (σ + m)qPm (11)
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ero charge by assuming that the only charged states tha
re the−m, 0, andmstates where 2m+ 1 =n, and where th
verage charge on the protein is the mole fraction weig
verage of the−m, 0 andmcharged states. Acid–base eq

ibrium for the protein can consequently be written as

m ↔ P0 + mH+ ↔ P−m + 2mH+ (6)

hile adsorption equilibrium for the three charged form
he protein and for the chloride ion can be expressed as

P−m = Keq,PCP−m (exp(φ′))m (7)

P0 = Keq,PCP0(exp(φ′))0 (8)

Pm = Keq,PCPm (exp(φ′))−m (9)

Cl−,aqH+ = KCl−,adsCCl−CH+ (10)

here φ′ is the effective dimensionless Donnan poten
iven by ln(qCl−,a/CCl− ). Eqs.(7)–(9)are equivalent to th
elations used by Shen and Frey[15] in the limit where the
rotein is dilute so thatφ′ → φ. Note that Eq.(9) describe

he electrostatic repulsion of the positively charged form
he protein from the positively charged surface of the an
xchange adsorbent, and thatKeq,P in Eqs.(7)–(9) is equiv-
lent to the quantityKP,adsas used by Shen and Frey sin

t is assumed in the above equations, as well as in a
ollowing equations, thatKCl−,ads= 1. Note finally that th
otal concentration of adsorbed protein,qP, is given by the
umqP−m + qP0 + qPm , and that the isoelectric point of t
rotein is the same in the fluid and adsorbed phases sin
t he electroneutrality condition in the adsorbed phase is g
y

R+ = qCl− − mqPm + mqP−m (12)

f Eqs. (11) and (12)are combined, the result is the follo
ng equation which is formally similar to Eq.(4), but which
elates the effective dimensionless Donnan potential to
omposition of the adsorbed phase for the case of a s
dsorbed protein having the three charge states of−m, 0, and
:

′ = ln

(
qR+ − qPσ

CCl−

)
(13)

.4. Effective dimensionless Donnan potential for the
ase of several proteins each having the three charge
tates−mi, 0, and mi

The development in Section2.3can be extended to the ca
here any number of adsorbed proteins exist. In partic
dsorption equilibrium for thejth charge state of proteini can
e expressed as:

i,j = Keq,iCi,j(exp(φ′))−zi,j (14)

he concentration of counterions available for participa
n ion-exchange equilibrium can then be expressed as:

Cl−,a = qCl− −
∑

i

∑
j

(σi + zi,j)qi,j (15)
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By defining the average charge of the proteins in the adsorbed
phase,zave, as

zave =
∑

i

∑
j

zi,jqi,j

qP
(16)

whereqP = ∑
i

∑
jqi,j, then Eq.(15)can be written as

qCl−,a = qCl− −
(∑

i

σiqi

qP
+ zave

)
qP (17)

whereqi = ∑
jqi,j. The electroneutrality condition in the ad-

sorbed phase can then be expressed as:

qR+ = qCl− − zaveqP (18)

If Eqs.(17) and (18)are combined, the result is the following
equation which, like Eq.(13), is formally similar to Eq.(4),
but which relates the effective dimensionless Donnan poten-
tial to the composition of the adsorbed phase for the case of
several proteins, each of which possess the three charge states
of −mi , 0, andmi :

φ′ = ln

(
qR+ −∑

iσiqi
)

(19)
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Kd = KP,adsexp(mφ′)


(dz/dpH)pI (1 − 10m(pI−pH) exp(−mφ′))2

−2 ln(10)m210m(pI−pH) exp(−mφ′)

(dz/dpH)pI (1 − 10m(pI−pH))
2

−2 ln(10)m210m(pI−pH)


 (22)

where the pH used in the equation is that for the fluid phase
and (dz/dpH)pI is the change in the protein charge with pH
at the protein pI. SinceKd =qP/CP, Eqs.(21) and (22)can be
combined to eliminateqP so that a single implicit equation for
the Donnan potential results. The solution of this equation for
specific values ofCP, pH, andCCl− can then be substituted
into Eq.(22)so that this equation can be used to calculate the
corresponding value ofqP. Repeating this procedure for other
values ofCP, pH, andCCl− yields the adsorption isotherm for
the case of a single protein under mass-overloaded conditions
where the protein can potentially exist in either of the three
charged states−m, 0, andm, and where the protein charge
state is determined by the local environment in the fluid and
adsorbed phases. Finally, for the simplified case of a strong-
base anion-exchange adsorbent,qR+ is specified so that Eqs.
(13) and (22)directly provide an implicit relation between
qP andCP which defines the adsorption isotherm.

Although an anion-exchange adsorbent was considered
i a
c ctive
d r,
a g
a

K

w

p
b n a
f

K

C e ad-
s
U

CCl−

.5. Protein adsorption equilibrium under
ass-overloaded conditions

Consider first the case of a weak-base anion-exchang
orbent having a single functional group R with a con
ration ofqR. If the acid–base equilibrium constant for t
unctional group is denoted asKR, then the equilibrium rela
ion describing the ionization of this functional group in
dsorbed phase can be written as

R+ = qH+qR

KR + qH+
(20)

ince pH= − log(CH+ ) and pKR =−log(KR), Eqs.(10), (13)
nd (20)can be combined to yield

P = 10pKR(qR − CCl− exp(φ′)) − 10pHCCl− exp(2φ′)
σ(10pH exp(φ′) + 10pKR)

(21)

f a single protein having the charged states−m, 0 andm
s the adsorbate, and if adsorption equilibrium for eac
hese charge states is described by a Boltzmann distrib
s given by Eqs.(7)–(9), then it was shown by Shen a
rey[15] that the distribution coefficient for the protein,Kd,
efined as the ratio of the total of the individual protein fo

n the adsorbed phase per unit volume to the same qu
n the fluid phase, can be expressed as
n the development just given, Eq.(22) applies as well to
ation-exchange adsorbent. For this latter case, the effe
imensionless Donnan potential,φ′, is a negative numbe
nd Eq.(22) is more conveniently written in the followin
lternative form:

d = KP,adsexp(−mφ′)


(dz/dpH)pI (exp(mφ′) − 10m(pI−pH))
2

−2 ln(10)m210m(pI−pH) exp(mφ′)

(dz/dpH)pI (1 − 10m(pI−pH))
2

−2 ln(10)m210m(pI−pH)


 (23)

herem is still taken as a positive number.
For a multicomponent mixture of proteins where theith

rotein has the charged forms of−mi , 0 andmi , the distri-
ution coefficient,Kd,i , for this protein can be expressed i
orm similar to Eq.(22):

d,i = Ki,ads exp(miφ
′)


(dz/dpH)pIi

(1 − 10mi(pIi−pH) exp(−miφ
′))2

−2 ln(10)m2
i 10mi(pIi−pH) exp(−miφ

′)
(dz/dpH)pIi

(1 − 10mi(pIi−pH))2

−2 ln(10)m2
i 10mi(pIi−pH)



(24)

onsider first the case of a strong-base anion-exchang
orbent where the total number of proteins present isnprotein.
nder these conditions, Eqs.(19) and (24)provide a system
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Fig. 2. Concentration profiles for protein A, displacer D, and the counte-
rion Cl− on the upstream and downstream plateaus of a displacement front.
The front is formed by a displacer with a fixed charge as it displaces a
protein.

of nprotein+ 1 equations which implicitly define the multi-
component adsorption isotherms. Similarly, for the case of a
weak-base anion-exchange adsorbent Eqs.(21) and (24)pro-
vide an analogous system of equations that implicitly define
the multicomponent adsorption isotherms.

2.6. Theoretical stability criterion for a self-sharpening
front between a displacer and a protein

One use of the adsorption isotherm model developed in
Section2.5is to develop a criterion for determining whether
a species of fixed charge is able to displace a protein in dis-
placement chromatography, as illustrated inFig. 2. Such a
criterion, based on a stability analysis originally described
by Antia and Horv́ath[27], has been described previously by
Brooks and Cramer[6]. However, the criterion of Brooks and
Cramer assumes that the protein being displaced also has a
fixed charge as it interacts with the adsorbent, so that it may
not be an adequate description of the displacement process
for the case where charge regulation is important, such as
when the fluid pH is near the pI of the displaced protein. For
this particular case, which may be of practical importance
when it is desired to resolve proteins of similar pI values by
employing displacement chromatography at a pH near the
protein pI [28], a modified stability criterion which includes
c

lace
p ding
c ed
b s

rewritten as(
qA

CA

)
= Keq,A[exp(φ′)]mA Π(φ′) (25)

whereΠ is a function ofφ′ corresponding to the expression
in square brackets in Eq.(24), with the other variables in
that expression, such as pH and pI, considered to be func-
tion parameters. If it is assumed that the displacer is a small
molecule with a fixed charge, an example being the protected
amino acids described by Kundu et al.[29], then the adsorp-
tion distribution coefficient for the displacer can be expressed
as(

qD

CD

)
= Keq,D[exp(φ′)]mD (26)

wheremD > 0. In Eq.(26)the effective dimensionless Donnan
potential when both protein A and displacer D are present can
be expressed as:

φ′ = ln

(
qR+ − σAqA − mDqD

CCl−

)
(27)

Consider first the plateau in the displacement chromatogra-
phy effluent profile which contains the displacer but not the
protein, i.e., whereCA = 0,CD = C∗

D andCCl− = (CCl− )C∗
D,0

,

and where the superscript * denotes a particular value ofCD.
I

φ

A self-
s dis-
p race
a dis-
t i.e.,(

w

δ

C

(

A
w ing
p
C

φ

harge regulation effects may be applicable.
Consider the case where a displacer “D” is used to disp

rotein “A” in the presence of salt under mass overloa
onditions, in which case the elution order is “A” follow
y “D”. For convenience, Eq.(24) applied to protein A i
n this case, Eq.(27)yields:

′
C∗

D,0 = ln

(
qR+ − mDqD

(CCl− )C∗
D,0

)
(28)

necessary criterion for the existence of a stable
harpening front separating the plateaus containing the
lacer and protein is that the distribution coefficient of a t
mount of protein on the former plateau is less than the

ribution coefficient of the displacer on the latter plateau,

qA

CA

)
C∗

D,0
= Keq,A[exp(φ′

C∗
D,0)]mA Π(φ′

C∗
D,0) < δ (29)

here

≡
(

qD

CD

)
= KD,ads[exp(φ′

C∗
D,0)]mD (30)

ombining Eqs.(29) and (30)yields:

Keq,D

δ

)1/mD

>

[
Keq,AΠ(φ′

C∗
D,0)

δ

]1/mA

(31)

development similar to that which led to Eqs.(28)–(31), but
hich applies to the plateau in the effluent profile contain
rotein but no displacer, i.e., whereCD = 0, CA = C∗

A, and

Cl− = (CCl− )0,C∗
A
, yields

′
0,C∗

A
= ln

(
qR+ − σAqA

(CCl− )0,C∗
A

)
(32)
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(
qD

CD

)
0,C∗

A

= Keq,D[exp(φ′
0,C∗

A
)]mD > δ (33)

(
qA

CA

)
= KA,ads[exp(φ′

0,C∗
A
)]mDΠ(φ′

0,C∗
A
) = δ (34)

(
Keq,D

δ

)1/mD

>

[
Keq,AΠ(φ′

0,C∗
A
)

δ

]1/mA

(35)

Eqs.(31) and (35)can be used to determine whether a par-
ticular species is able to displace a protein in displacement
chromatography. Although generally this determination is
complicated due to the large number of parameters involved,
several simplified illustrative cases can be envisioned. For
example, for the case of a low-molecular-weight displacer
of fixed charged, the salt concentration on the composi-
tion plateau containing the displacer is generally lower than
the salt concentration on the composition plateau containing
the displaced protein, as illustrated inFig. 2. By compar-
ing Eqs.(28) and (32), it follows that under these conditions
φ′

C∗
D,0 > φ′

0,C∗
A
. In this case, Eq.(31) becomes the sole dis-

placement criterion since, according to Eq.(24),Π is a mono-
tonically increasing function ofφ′. Furthermore, for the case
of a displacer and column packing with fixed charges,φ′

C∗
D,0

is determined by the salt and displacer concentrations in the
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Fig. 3. Comparison of adsorption isotherms calculated from SMA models
with (solid curve) and without (dotted curve) consideration of charge reg-
ulation. The numbers in the figure denote the ionic strengths used for the
calculations. The physical properties used for the protein and column pack-
ing are as follows: pI = 4.8, (dz/dpH)pI =−10,σ = 100,m= 5.1,Keq,P= 0.1,
qR = 0.75 M. The fluid-phase pH is 5.0.

the other being the extension of the traditional SMA model
to the case where charge regulation is included. The results
of these calculations are shown inFig. 3. Note that the cal-
culations shown employ physical properties representative
of bovine serum albumin (BSA) adsorption onto an anion-
exchange column packing, as discussed in Section3.3. In
addition, the parameterm, which is the maximum charge of
the protein, is set at two times the minimum possible value of√

−3(dz/dpH)pI/(2 ln(10)), as discussed by Shen and Frey

[15], and the characteristic binding charge used in the version
of the SMA model ignoring charge regulation was assumed to
be the average charge of all the charged forms of the protein in
the fluid phase. The calculations also employed a fluid-phase
pH of 5.0, which is 0.2 pH units above the protein pI so that
protein binding occurred onto the anion-exchange adsorbent
assumed in the calculations even in the absence of charge
regulation.

The results inFig. 3 illustrate that including the effect
of charge regulation in the SMA model for a given protein
charge in the fluid phase causes a significant increase in the
amount adsorbed, especially at low salt and protein concen-
trations. These trends are not unexpected since charge regula-
tion becomes predominant at low salt concentration due to the
fact that the Donnan potential becomes higher in this region,
while at high protein concentrations the amount adsorbed is
d arge
r ncy
b rt
f e the
isplacer solution, so that the functionΠ becomes indepe
ent of the fluid pH. If the value of the functionΠ under thes
onditions is denoted asΠD, and if the dynamic affinity o
he displacer, denoted byλD, is defined as[29]

D =
(

Keq,D

δ

)1/mD

(36)

hen the condition needed for displacer D to displace pr
under the assumptions just discussed can be written

log(Keq,A) < zA,fluid log(λD) + log(δ)

+[(mA − zA,fluid) log(λD) + log(ΠD)] (37)

ote that in Eq.(37) the productzA,fluid log(λD) has bee
dded to and subtracted from the right side so that the

orm of the relation is analogous to that developed by Bro
nd Cramer[6], but with a correction factor for charge reg

ation given by the quantity in square brackets. An illustra
f the use of Eq.(37) is described below in Section3.4.

. Results and discussion

.1. Effect of charge regulation on the SMA model
alculations

In order to illustrate the effect of charge regulation on S
quilibrium for the ion-exchange adsorption of proteins,
orption isotherms were calculated using two versions o
MA model: one being the traditional SMA model develo
y Brooks and Cramer[6] where charge regulation is ignore
etermined by the steric factor regardless of whether ch
egulation is accounted for. The relatively large discrepa
etween the two models shown inFig. 3indicates that, apa

rom other effects such as charge asymmetry which caus
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characteristic binding charge to differ from the true protein
charge, the use of the true fluid-phase charge in the traditional
version of the SMA model which ignores charge regulation
is unlikely to fit experimental data accurately. Instead, when
the traditional SMA model is fitted to experimental data, the
fitted characteristic protein charge is to a large extent an ef-
fective average charge for the protein considering both the
fluid and adsorbed phases. This effective charge is likely to
differ significantly from the true fluid-phase protein charge,
especially when the fluid-phase pH and protein pI are close
in value. In particular, in order to raise the curve shown in
Fig. 3 for the traditional SMA model at 0.1 M NaCl so that
it overlies the corresponding result from the model including
charge regulation, a fixed charge of−4.5 is needed in the
former SMA model. This can be compared to the average
protein charge in the fluid phase of−2.6, and the average
protein charge in the adsorbed phases of−5.1, that apply to
the MCS model used in the figure.

3.2. Effect of pH

The fluid-phase salt concentration and pH typically are
the most important parameters which determine the adsorp-
tion affinity of a protein in ion-exchange chromatography.
The effect of salt concentration has been extensively studied
and explicitly incorporated into many ion-exchange models
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Fig. 4. The theoretically calculated protein concentration in the adsorbed
phase as a function of the fluid-phase protein concentration and pH. The
physical properties used for the protein and column packing are the same
as inFig. 3. The ionic strength is 0.1 M. The grid lines parallel to the pH
axis betweenCp = 0 andCp = 0.04 M have one tenth the spacing distance
as compared to the remainder of these types of grid lines in order to better
illustrate the steepness of the isotherm surface in this range.

pH in the fluid phase is equivalent to, or even lower than, the
protein pI. High affinity binding of this type is further demon-
strated experimentally in Section3.3. In contrast, without the
effects of charge regulation included, adsorption isotherms
predicted by the SMA model tend to be linear in nature when
the protein charge in the fluid phase is small and if this charge
is used to predict the adsorption affinity.

The observations just described suggest that the SMA
model incorporating the effects of charge regulation may pro-
vide a more accurate description of adsorption equilibrium
as compared to the standard SMA model when the pH in the
fluid phase is close to the protein pI. This may be particularly
important in the design and optimization of preparative-scale
chromatographic processes since it has been reported that the
separation of proteins under mass-overloaded conditions, in-
cluding for the case where displacement chromatography is
employed, can be enhanced if the fluid-phase pH is adjusted
so that it is close to the protein pI [28,33,34].

3.3. Evaluation of the SMA model including the effects
of charge regulation using data from the literature

The SMA model which includes the effects of charge
regulation as developed in this study was evaluated using
experimental data reported by Shi et al.[35] for the adsorp-
tion of BSA on DEAE Sepharose FF, which is a weak-base
a ween
t
w of the
m here
t rticle
p f the
m ticle
5,6,17,18,30,31]. However, previous descriptions in the
rature of the effect of pH on the adsorption affinity of p

eins under mass-overloaded conditions have been limit
ualitative[32] or semi-quantitative studies[4], all of which

gnore the effects of charge regulation. In contrast, in
resent work as represented by Eq.(22), the effect of pH is

ncorporated by assuming that the Henderson–Hassel
quation applies to three charged forms of a protein in e

ibrium, by then relating the acid–base equilibrium const
o the values of pI and (dz/dpH)pI for the protein, and by fi
ally assuming that the SMA formalism, as represente

he Boltzmann distributions given by Eqs.(7)–(9), applies to
ach charged form of the protein[15]. In this way the role
f pH variations, particularly when the pH is near the p

ein pI, can be realistically incorporated into calculation
dsorption equilibrium.

Fig. 4 illustrates calculations of protein adsorption eq
ibrium for the case of an anion-exchange column pac
sing the SMA model with the effects of charge regula
ccounted for as just discussed. The physical properties
rotein and column packing used in the calculations ar
ame as those inFig. 3and are representative of BSA adso
ion onto an anion-exchange column packing. Two not
eatures can be observed in the calculations shown.
t is apparent that the adsorption affinity is highly dep
ent on the fluid-phase pH, and that this dependence

o be greater than that produced by changes in the sal
entration as shown inFig. 3. Second, the model predic
hat highly favorable shapes for the adsorption isotherm
igh-affinity protein binding, occur in the region where
nion-exchange column packing. The comparison bet
he model and the experimental data is illustrated inFigs. 5–8
here the adsorbed amounts shown are given in terms
ass of BSA per unit volume of solid adsorbent, and w

he solid adsorbent volume does not include the intrapa
ores. Since the data of Shi et al. are given in terms o
ass of BSA per unit volume of particle, where the par



100 H. Shen, D.D. Frey / J. Chromatogr. A 1079 (2005) 92–104

Fig. 5. Comparison of experimentally measured and theoretically predicted
adsorption isotherms for BSA on DEAE Sepharose FF. The symbols are
data from batch equilibrium experiments taken from the literature and the
solid curves are calculated results from the SMA model with charge reg-
ulation considered. The fluid-phase pH is 4.5 and the physical properties
used for the protein and column packing are as follows: MW = 66.7 kDa,
pI = 4.7, (dz/dpH)pI =−10,σ = 98,m= 3.6,KP,ads= 0.17,qR = 0.51 M. In the
experiments, the fluid phase contained 20 mM acetate buffer at various ionic
strengths as represented by the following symbols: 20 mM (�); 25 mM
( ); 30 mM (♦); 50 mM (	). The temperature was 25◦C.

volume does include the intraparticle pores, it was necessary
to convert this data by using the reported particle porosity of
0.59[36]. Note also that the data shown were obtained under
conditions where the fluid-phase pH is close to the protein
pI, so that these data are particularly useful for evaluating the
model described here. However, the specific data obtained
by Shi et al. at pH 6 was not utilized when evaluating the
model since it was judged that this condition was outside
the applicable range of the model due to the high charge
attained by BSA at this pH. The experimental conditions and
the physical properties used in the calculations are described
further in the figure captions.

In order to fit the experimental data to the model, all the
data sets were fitted simultaneously using a single set of phys-
ical properties for BSA. The fitting was accomplished by cal-
culating the amount adsorbed as described previously while
simultaneously minimizing the sum of the squared residuals
between the measured and calculated amount adsorbed. For
this purpose, the concentration of the functional groups on
the column packing was taken to be that specified by the col-
umn manufacturer[37], and a pKR value of 8 was assumed,
which is typical for the diethylaminoethyl (DEAE) groups
present. Using this procedure, in the pH range of interest the
functional groups on the column packing were nearly com-
pletely ionized, and the calculated change inqR+ with pH
was relatively small and roughly agreed with the reported

Fig. 6. Comparison of experimentally measured and theoretically predicted
adsorption isotherms for BSA on DEAE Sepharose FF. The symbols are data
from batch equilibrium experiments taken from the literature and the solid
curves are calculated results from the SMA model with charge regulation
considered. The fluid-phase pH is 5.0 and the physical properties used for
the protein and column packing are the same as inFig. 5. In the experiments,
the fluid phase contained 20 mM acetate buffer at various ionic strengths as
represented by the following symbols: 20 mM (�); 30 mM (♦); 50 mM (	);
80 mM (©); 120 mM (×). The temperature was 25◦C.

Fig. 7. Comparison of experimentally measured and theoretically predicted
adsorption isotherms for BSA on DEAE Sepharose FF. The symbols are data
from batch equilibrium experiments taken from the literature and the solid
curves are calculated results from the SMA model with charge regulation
considered. The fluid-phase pH is 5.5 and the physical properties used for
the protein and column packing are the same as inFig. 5. In the experiments,
the fluid phase contained 20 mM acetate buffer at various ionic strengths as
represented by the following symbols: 20 mM (�); 30 mM (♦); 50 mM (	);
80 mM (©); 120 mM (×). The temperature was 25◦C.
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Fig. 8. Expanded view taken fromFig. 7of the isotherms for the adsorption
of BSA on DEAE Sepharose FF in the low concentration region.

titration curve[38] and the zeta potential measurements[39]
for DEAE Sepharose FF. To simplify the calculations, a sin-
gle counterion having an average adsorption affinity was as-
sumed even though the fluid phase employed to produce the
data consisted of a mixture of acetate and chloride ions due
to the acetate buffer used. In addition, the salt concentrations
that apply at pH 4.5 were assumed to be those shown at this
pH in Fig. 4of Shi et al.[35].

As shown inFigs. 5–8, the model is able to fit the experi-
mental data reasonably well using physical properties which
are representative of the protein and column packing used. In
particular, the assumed value of (dz/dpH)pI of −10 is near the
reported value for this parameter for human serum albumin
[40], the fitted pI of 4.7 is near the actual pI of BSA, which is
reported to lie in the range from 4.7 to 5.18[17,35,41,42], the
fitted value ofm of 3.6 is slightly larger than the minimum

possible value of
√

−3(dz/dpH)pI/(2 ln(10)), as discussed

by Shen and Frey[15], and the fitted values ofσ andKeq,P
for the DEAE Sepharose FF column packing used are com-
parable to values reported in previous studies[15,17,18,35].

Although the model was able to fit experimental adsorp-
tion data reasonably well for the weak-base anion-exchange
adsorbent used as just mentioned, past work[15] indicates
that the MCS model tends to be more suitable for a strong-
base anion-exchange adsorbent since the value ofqR+ is di-
r ween
t x-
t rbent
f

t
o
B m of
c f Shi

et al. [35] who proposed that adsorption under these condi-
tions results mainly from the presence of localized regions of
negative charge on the BSA surface, i.e., from charge asym-
metry. In all likelihood, both charge asymmetry and charge
regulation play a role in determining the amount of BSA ad-
sorbed, although the results presented here suggest that the
latter mechanism may dominate for the particular conditions
investigated. Another observation fromFigs. 5–8is that a
single value for the steric factor is able to fit with reasonable
accuracy the BSA adsorption data obtained on both sides of
the pI. This observation is also in contrast to the conclusions
of Shi et al. who used the traditional SMA model and found
that the steric factors for BSA needed to fit data obtained
above and below the pI were somewhat different. This dis-
crepancy in the parameters needed by the two models to fit the
same data is due in part to the somewhat different functional
form that results for the adsorption isotherm when charge
regulation is incorporated into the SMA model. In addition,
in the present study the volume of solid adsorbent, instead of
the volume of particle, was used as the basis for determin-
ing the adsorbed protein concentration. By employing this
former choice, the value ofKeq,Pused to fit the data became
nearly independent of pH and ionic strength, rather than vary-
ing significantly with these conditions as in the study of Shi et
al., which in turn affected the values of the other parameters
needed by the two models to fit the data. Finally, differences in
h unted
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ectly specified in this case. The good agreement bet
heory and experiments inFigs. 5–8is therefore to some e
ent due to the low pH range used which caused the adso
unctional groups to be nearly completely ionized.

One main observation fromFigs. 5–8is that the amoun
f BSA adsorbed when the pH is near or below the pI of
SA is accounted for reasonably well by the mechanis
harge regulation. This is in contrast to the conclusions o
ow the weak-base character of the adsorbent was acco
or may have also contributed to discrepancies in how the
odels fit data.
It should also be noted that the relatively small value

eq,Pused inFigs. 5–8are consistent with the observation
agai and Carta[26] that the zwitterion form of an amino ac

s largely unadsorbed by most typical ion-exchange ad
ents, since the value ofKeq,Pdirectly determines the amou
f the uncharged form adsorbed. Finally, since the da
ig. 8is an expanded view at low protein concentrations o
ata inFig. 7, it can be seen that the model calculations a
ith the data over a large protein concentration range w

ncludes low concentrations where linear equilibrium app

.4. Stability analysis for a self-sharpening front located
etween a displacer and a displaced protein

Section 2.6 describes a stability criterion for a se
harpening front located between a displacer and a disp
rotein based on the SMA model with charge regula
onsidered. In this section, this stability criterion is u
o produce a so-called dynamic affinity plot describing
elation needed between a low-molecular-weight displ
ith a fixed charge and a displaced protein with the v
f (dz/dpH)pI for the protein as a parameter. A typical p
f this type is shown inFig. 9 with the physical propertie

or the protein, displacer, salt, and column packing use
he calculations listed in the figure caption. The solid cu
n the figure were calculated from Eq.(37) by setting the
uantity on the left-hand side of that equation equal to
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Fig. 9. Dynamic affinity plot for a displacer and a protein for an anion-
exchange column packing. The solid curves are the calculated results at
different values of (dz/dpH)pI for the protein. The physical properties for the
protein, displacer, and column packing are as follows: pI = 6,mA = 4,mD = 1,
Keq,D= 50.0,δ = 120,φ′ = 0.5.

on the right-hand side. The curves therefore divide the fig-
ure into two regions: a lower region where a protein will be
displaced by the given displacer, and a higher region where
a protein will not be displaced by the given displacer. Note
that the calculations shown correspond to an anion-exchange
column packing, thatzA,fluid is the average charge consider-
ing all the charged forms of the protein in the fluid phase,
and that the calculations are for a particular fixed value of
the effective dimensionless Donnan potential in the displacer
solution as discussed in Section2.6.

Fig. 9indicates that the dynamic affinity plots accounting
for charge regulation are curved, with the maximum in
curvature close to the protein pI, and with the degree of the
curvature dependent on the value of (dz/dpH)pI . This is in
contrast to the linear dynamic affinity plots described by
Brooks and Cramer where charge regulation is ignored[6].
As also shown in the figure, the higher the value of (dz/dpH)pI
for the protein, the lower the position of the dynamic affinity
curve. This suggests that it is harder to displace a protein with
a higher value of (dz/dpH)pI , in which case this parameter
may play an important role in displacement chromatography,
especially when the pH in the fluid phase is close to the
protein pI. Another feature ofFig. 9 is that the dynamic
affinity plot provides a displacement criterion for a displacer
and protein combination when the protein in the fluid phase
is uncharged or even the same charge sign as the column
p ysis
d ional
S lies
w case

displacement effects are not possible, and where protein
binding is largely absent when the protein in the fluid phase
and column packing have the same charge sign, so that again
displacement effects are not possible.

Although, as discussed in Section3.1, when used in prac-
tice the traditional SMA model incorporates an effective av-
erage of the protein charge in the fluid and adsorbed phases
so that the associated dynamic affinity plot accounts approx-
imately for the case when the protein and column packing
have the same charge sign, it seems evident that the repre-
sentation of adsorption behavior shown inFig. 9 provides a
more fundamental and therefore more accurate description of
the adsorption behavior when the pH is near the protein pI.
The importance of this is suggested by the observation that
the resolution achieved between�-lactoglobulin A and B in
displacement chromatography is enhanced when the fluid-
phase pH used approaches the protein pI [28], so that it may
be true generally that resolution in displacement chromatog-
raphy is optimized under these types of conditions. In addi-
tion, for the type of displacement chromatography where a
self-sharpening pH front is employed as the displacer, dis-
placed proteins always exit the column at a pH close to the
protein pI so that accounting for charge regulation is likely to
be an important factor in the understanding of such systems
[43]. In contrast, when the pH and protein pI are far apart,
charge regulation is likely to be unimportant. In this case the
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acking. This again contrasts with the stability anal
eveloped by Brook and Cramer based on the tradit
MA model where linear adsorption equilibrium app
hen the fluid-phase protein is uncharged, in which
raditional SMA model and the dynamic affinity plot deriv
rom that model are likely to be the preferred represe
ions of adsorption dynamics, especially since the mode
harge regulation described in this study is not expect
pply when the pH and protein pI are far apart.

. Conclusions

The concept of steric mass-action equilibrium for pro
on-exchange adsorption equilibrium was originated by
ayudhan[19], and was first put into precise mathemat
erms by Brooks and Cramer[6]. The basic assumptions
he SMA model proposed by Brooks and Cramer are
ith regard to their role in protein adsorption equilibriu
terically hindered adsorption sites located underneath a
orbed protein function thermodynamically as if the cou
ions and the adsorption sites are undissociated ion pair
hat, due to the diffusional mobility of adsorbed proteins
ctivity of exchangeable counterions is proportional to
umber of these ions per unit volume of the total adso
hase, including the volume occupied by the sterically
ered sites. Although the formalism of Brooks and Cram
y no means the only method which could be used to acc

or the effects of sterically hindered counterions on pro
dsorption, many studies over the last several years ind

hat it is a reasonably realistic depiction of protein adsorp
ehavior[29,44–52]

In the present work, a logical extension of the SMA mo
f Brooks and Cramer[6] is proposed which accounts for t
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effect of the change in protein charge caused by electrostatic
interactions between the protein and the adsorbent surface,
i.e., the effects of charge regulation. This extension is accom-
plished by accounting for the existence of multiple protein
charge states when formulating the SMA adsorption equi-
librium expressions. The result is a new protein adsorption
model which applies to the case of mass overloading and
which is extension of the original SMA model of Brooks and
Cramer to the case where charge regulation is important. The
new model is also an extension of the charge regulation model
for dilute proteins of Shen and Frey[15], since it reduces to
the latter model for the case of low protein concentrations.

Comparisons of calculations using the new model and ex-
perimental data for protein ion-exchange adsorption indicate
that the model fits the data with acceptable accuracy when
using reasonable physical properties, including reasonable
values for the protein pI and for the change in protein charge
with pH near the protein pI, i.e. (dz/dpH)pI . The results
therefore indicate that when charge regulation is accounted
for in the SMA model, the fluid-phase protein charge used in
the model is much closer to the actual charge of the protein
in the fluid phase, as compared to when the traditional SMA
model is used. Similar results for dilute proteins where linear
adsorption equilibrium applies were also observed by Shen
and Frey[15].

The new model developed here also leads to additional
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values for the pI and (dz/dpH)pI in that equation that are near
the values reported for the entire protein in free solution[15].
However, in cases where ion-exchange adsorption is consid-
ered to be determined by a single localized charge region on
the protein surface, the model developed here may still be
applicable by reinterpreting these various parameters to be
those that apply to the surface region in question.

5. Nomenclature

CA concentration of protein A in the fluid phase (mol/L)
CCl− concentration of Cl− in the fluid phase (mol/L)
(CCl− )0,C∗

A
concentration of Cl− in the fluid phase when

CD = 0 andCA = C∗
A (mol/L)

(CCl− )C∗
D,0 concentration of Cl− in the fluid phase when

CA = 0 andCD = C∗
D (mol/L)

CD concentration of displacer D in the fluid phase
(mol/L)

CH+ concentration of H+ in the fluid phase (mol/L)
Ci,j concentration of thejth charge state of proteini in

the fluid phase (mol/L)
CPz concentration of a protein charge form in the fluid

phase wherez is −m, 0, orm (mol/L)
i index for protein
j
K

K
K
K
K
K ent

K
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m
m
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n
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q L)
q vol-

q ase

q

q rge
nsights into the dynamics of protein adsorption in n
inear chromatography, including a new version of
ynamic affinity plot describing the process of displacem
hromatography where the dynamic affinity contours
onlinear and incorporate the quantity (dz/dpH)pI as a pa
ameter. Finally, the new model is expected to be particu
seful for representing nonlinear ion-exchange adsor
quilibrium for proteins when the fluid-phase pH is n

he protein pI — which is an operating region proposed
ome workers for enhancing the resolution in displacem
hromatography[28].

Despite the good agreement between experimenta
nd the calculations from the model shown inFigs. 5–8, it is
ossible that in certain cases various phenomena not cur

ncluded in the model may lead to significant differences
ween the fluid-phase charge needed to fit adsorption da
ng the model and the actual protein charge in the fluid ph
xamples of such phenomena include the nonuniform n
f the electric potential near the adsorbent surface, ch
symmetry on the protein surface which varies with pH,
tructural changes in the protein caused by adsorption. N
heless, even in cases where these other phenomena do
he effects of charge regulation, the model presented in
tudy may still be useful as a means to quantitatively acc
or charge regulation so these more dominant effects c
ore easily identified.
Note finally that the parameters−mandm introduced in

ection2.3have been interpreted as the net charge sta
he entire protein due to the fact that when the pH is nea
rotein pI, Eq. (22) often fits protein adsorption data us
e

index for charge state

Cl−,ads adsorption equilibrium constant for Cl−

d distribution coefficient
eq,A adsorption equilibrium constant for protein A
eq,D adsorption equilibrium constant of displacer D
eq,i adsorption equilibrium constant of proteini
eq,P adsorption equilibrium constant which is equival

to the quantityKP,ads/(K−z

Cl−,ads
) wherez is −m, 0,

orm
P,ads adsorption equilibrium constant of protein
R dissociation constant for the functional group on

column packing
parameter used in the MCS model wheren= 2m+ 1

D fixed charge of displacer D
i maximum charge on proteini

total number of charge states for a protein that e
between the−mandmcharge states

protein number of proteins present
I isoelectric point of a protein
A concentration of protein A in the adsorbed ph

(mol/L)

Cl− concentration of Cl− in the adsorbed phase (mol/

Cl−,a the amount of exchangeable counterion per unit
ume of the adsorbed phase (mol/L)

D concentration of displacer D in the adsorbed ph
(mol/L)

i,j concentration of thejth charge state of proteini in
the adsorbed phase (mol/L)

P total concentration of protein considering all cha
forms in the adsorbed phase (mol/L)
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qPz concentration of a protein in thezcharge state in the
adsorbed phase wherez is −m, 0, orm (mol/L)

qR total concentration of the ionogenic functional
group on the column packing (mol/L)

qR+ concentration of the charged form of the ionogenic
functional group on the column packing (mol/L)

z charge on each form of the protein
zave average charge for a mixture of proteins in the ad-

sorbed phase
zA,fluid average charge on protein A in the fluid phase
zi,j jth charge state of proteini

Greek letters
δ distribution coefficient for the displacer
λD dynamic affinity of the displacer
Π function of the effective dimensionless Donnan po-

tential defined by the expression in square brackets
in Eq.(22)

ΠD value ofΠ for a displacer solution containing dis-
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σBC steric factor for the protein in the Brooks and Cramer
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